We analyze the theoretical description of radiative decays in charmonium. We use an elementary emission decay model to build the most general electromagnetic transition operator. We show that accurate results for the widths can be obtained from a simple quark potential model reasonably fitting the spectroscopy if the complete form of the operator is used instead of its standard p/m approximation and the experimental masses are properly implemented in the calculation.
I. INTRODUCTION
Electromagnetic decays in heavy quarkonium (bottomonium or charmonium) may play a key role in the understanding of its structure. The current impossibility to directly solve QCD, the theory of strong interactions, for the description of hadrons, forces us to rely, for the knowledge of such structure, on models and/or effective theories, incorporating at the greater extent the properties of QCD (see for instance [1, 2] and references therein). Among these approximations the most successful one regarding the number of described heavy quarkonium states below the open flavor meson-meson thresholds is undoubtedly the constituent quark model, see [1] and references therein, where heavy quarkonium is described as a quark-antiquark bound system. Then, as the electromagnetic transition operator is known (with no free parameter) the comparison of the measured widths with their calculated values from different spectroscopic quark models may be an ideal test to discriminate between these models and to advance in the understanding of the heavy quarkonium structure.
In a recent paper [3] , we have shown that this discrimination may be rather difficult in bottomonium. By using the standard expansion of the electromagnetic transition operator up to p b /M b order, where p b (M b ) stands for three-momentum (mass) of the b quark, we have shown that accurate results for the widths can be obtained from different quark potential models reasonably fitting the spectroscopy once the experimental masses of the bottomonium states instead of the calculated ones are properly implemented in the calculation. The argument justifying this substitution (and giving meaning to the qualificative "reasonably fitting the spectroscopy" employed) is that the experimental masses can be hopefully obtained from the wavefunctions of the calculated states by applying first order perturbation theory. Therefore, the implementation of the experimental masses allows for a direct test of the quark model wavefunctions.
In this article we analyze electromagnetic decays in charmonium, focusing on the quantitatively most relevant electromagnetic transitions, 3 S 1 ↔ 3 P J , for which * roberto.bruschini@ific.uv.es † pedro.gonzalez@uv.es there are data available. We first show that the p c /M c order approximation, where the subindex c stands for the c quark, does not give rise to such an accurate description of the decay widths as in bottomonium. This could be somehow expected since the expectation value of |p c |/M c , representing the speed of the quark, can be about half the speed of light for the low lying charmonium states, what makes the use of the transition operator up to the p c /M c order debatable. We proceed then to build the complete transition operator and to apply it to the calculation of the decay widths. This allows us to to discriminate between different quark models according to their accuracy in the description of radiative decays. These contents are organized as follows. In Section II we detail the Cornell potential models we use to calculate the masses and wavefunctions of the low lying charmonium states. We expect that the experimental masses can be obtained from the calculated values via corrections to the Hamiltonian evaluated at first order in perturbation theory. In Section III the elementary emission model for electromagnetic transitions is developed in some detail. From it we recover the usual p c /M c approximation in Section IV. The comparison of the calculated decay widths with data points out the need to go beyond this approximation. Then, in Section V the complete transition operator, to all p c /M c orders, is built. The transition amplitude and the explicit form of its electric and magnetic contributions are detailed in Section V and applied in Section VI to the calculation of radiative decay widths which are compared to data. Finally, in Section VII our main results and conclusions are summarized.
II. SPECTROSCOPIC QUARK MODELS
For the description of charmonium we shall use a nonrelativistic quark potential model framework defined by the Hamiltonian
with a Cornell potential energy
where p is the relative momentum operator, r = |r| is the c − c distance operator (r is the relative position operator), the parameters σ and ζ stand for the string tension and the chromoelectric coulomb strength respectively, and β is a constant to fix the origin of the potential. It is important to emphasize that i) this potential form arises from spin independent quenched lattice QCD calculations in the Born-Oppenheimer approximation [4] , ii) in the spirit of the nonrelativistic quark model calculations σ, ζ, β and the quark mass M c should be considered as effective parameters through which spin dependent and/or spin independent corrections may be implicitly incorporated.
Henceforth we shall make use of two different quark models with the same Hamiltonian form (1), Model I and Model II, that have been used for the analysis of radiative decays in bottomonium [3] . As we are dealing with a radial potential we shall denote the spectroscopic states by n 2s+1 L J where s, L and J stand for the spin, orbital angular momentum and total angular momentum quantum numbers respectively.
Model I, providing a good description of spin triplet state masses in bottomonium [5] is defined in charmonium [6] by the set of parameter values
giving account of the mass differences between some of the low lying (spin triplet) charmonium states whose electromagnetic transitions are measured, more precisely between 2 3 S 1 and 1 3 P 1 , and between 1 3 P 1 and 1 3 S 1 . Hence, the model also describes accurately, through a convenient choice of the additive constant (β c ) I , the masses of the 1 3 S 1 , 2 3 S 1 and 1 3 P 1 states. Furthermore, inasmuch as the mass splittings between P states can be obtained via first order perturbation theory the 1 3 P 0,2 states would be described by the same wavefunction as the 1 3 P 1 one. In Table I we list the ratios of the calculated mass differences to the experimental ones.
Model II, defined in reference [8] by the set of parameter values
is based on the assumption that mass corrections to the charmonium states calculated from (1) may have to do mainly with non considered spin dependent terms in the potential, so that the quark model should fit the centers of gravity of spin triplet and spin singlet states.
Let us realize that the chosen value for the string tension, √ σ II = 427.4 MeV, agrees with the one derived
0.99 2 3 S1 − 1 3 S1 0.99 2 3 S1 − 1 3 P2 1.09 2 3 S1 − 1 3 P0 0.65 1 3 P0 − 1 3 S1 1.29 1 3 P2 − 1 3 S1 0.89 Table I . Ratios of the calculated mass differences (Mi − M f ) Theor I between 1 3 S1, 2 3 S1, 1 3 P1 charmonium states from Model I as compared to the experimental ones (Mi − M f ) Expt taken from [7] . from the analysis of Regge trajectories in light mesons [4] , and that the Coulomb strength ζ II = 102.6MeVfm corresponds to a strong quark-gluon coupling α s = 3ζ 4 ≃ 0.39 quite in agreement with the value derived in QCD from the fine structure splitting of 1P states in charmonium [9] . As for M c the chosen value gives mass differences between any two of the centers of gravity of the 1S, 2S and 1P states in accord with data within a 10% of accuracy. In Table II we list the ratios of the calculated center of gravity mass differences to the experimental ones. One could think of refining the values of the parameters to make all these ratios closer to 1. This can only be done at the price of loosing the close connection of σ II and/or ζ II with their expected phenomenological values. Instead, we prefer to maintain such connection and the modest discrepancy reflected in Table II . Moreover, the chosen values of σ II and ζ II have been used in bottomonium for an accurate description of electromagnetic decay widths [3] what adds interest to the possibility of getting such an accurate description in charmonium as well.
It is worth to point out that the quark model wavefunctions are the same for any value of the additive constant β. Indeed, we could change (β c ) II to obtain from Model II an approximate mass description of the 1 3 S 1 , 2 3 S 1 and 1 3 P 1 states, or we could change (β c ) I to obtain from Model I the centers of gravity of the 1S, 2S and 1P states in accord with data within a 5% of accuracy. In this sense, Model I and Model II are quite equivalent with respect to the mass description of the low lying charmonium states except for 2 3 P J , as shown in Table III . Hence, any significant difference in their predictions for other observables involving these states can put severe n 2s+1 LJ (M n 2s+1 L J )I (M n 2s+1 L J )Expt (M n 2s+1 L J )II constraints on the possible values of the parameters, in particular on the charm mass whose value in Model I is very different to that in Model II. It should be also remarked that simplicity is not the only argument to use a Cornell potential model for the study of radiative decays. The absence of any momentum dependence in the potential allows for a complete factorization of the heavy quarkonium mass dependence in the calculation of the electromagnetic decay widths up to p c /M c order. Furthermore, such a complete factorization can be also pursued to higher orders as will be shown later on. Then, if the experimental masses instead of the calculated ones are implemented in the calculation the comparison of the calculated decay widths to data becomes a powerful tool to test the model wavefunctions. As a counterpart, the use of the Cornell potential in charmonium restricts the study to the low lying states where meson-meson threshold effects can be neglected.
III. ELECTROMAGNETIC DECAY MODEL
Let us consider the decay I → γF where I and F are the initial and final charmonium states respectively. In the rest frame of the decaying meson I the total width is given by (we follow the PDG conventions, see [7, p. 567] )
where k 0 is the energy of the photon and M I , J I and m I stand for the mass of I, its total angular momentum and its third projection respectively. The polarization of the photon is represented by λ (as usual we choose the threemomentum of the photon in the Z direction) and the transition amplitude by M λ JF ,mF ,JI ,mI . This amplitude can be obtained from the interaction Hamiltonian H int
where P I = (E I , P I ) = (M I , 0), P F = (E F , P F ) and (k 0 , k) are the meson and photon four-momenta.
In the Elementary Emission Decay Model the radiative transition I → γF takes place through the emission of the photon by the quark or the antiquark in the initial state. In QED the interaction Hamiltonian at the quark level is given by
where A µ is the photon field and j µ the electromagnetic current given by
where q(x) is the quark field and Q the quark charge matrix. Notice that the time dependence has been obviated since in the calculation of the transition amplitude it only gives rise to a Dirac delta accounting for energy conservation.
In quantum field theory the quark field operator with no time dependence is written as (see for example [10, p. 58] , but note that we use Dirac spinors instead of the Weyl representation adopted there)
where E(p) is the relativistic energy of a quark Q or antiquarkQ, E(p) = M 2 Q + p 2 , u ms (p) and v ms (p) are the Dirac spinors
with χ ms being the Pauli spinor, and b ms 1 (p) (b ms † 2 (p)) the annihilation (creation) operator of a quark (antiquark) with spin projection m s and three-momentum p.
Then, by defining
where α = 1, 2 refers to quark and antiquark respectively, the electromagnetic current j µ (x) reads
and
where e 1 = e c = 2 3 e (with e = √ 4πα em being α em the fine structure constant), e 2 = e c = −e c , and E α = M 2 α − ∇ 2 α . It is important to highlight that in the derivation of the current operator we have kept only terms that conserve separately the number of quarks and antiquarks, since we are only interested in radiative processes where there is no quark-antiquark photoproduction or annihilation.
In order to calculate the matrix element F γ|H int |I from the spectroscopic quark model wavefunctions one needs the "first quantized" form of the interaction. Following the procedure explained in [11] and detailed in Appendix A, we obtain the first quantized form of the current (in Appendix B it is checked that this current is conserved, as required by gauge invariance)
Then the operator to be sandwiched between the meson states reads
where we have put a hat above E and p and r to make more clear that they are operators, in contrast to k which is a vector number.
It is a common practice in the analysis of radiative transitions in heavy quarkonium to proceed to a nonrelativistic reduction of this operator up to p c Mc order. This has been justified for the use of the nonrelativistic Schrödinger equation for the calculation of the states, see for example [11] . However, as the effectiveness of the quark model parameters and the implementation of the experimental masses in the calculation of radiative decays may incorporate in an effective manner relativistic effects the restriction of the operator to the p c Mc order may be questionable, at least for charmonium where the speed of the quarks in the low lying states is not much smaller than the speed of light in vacuum. Therefore we proceed next to the evaluation of the transition amplitude M λ JF ,mF ,JI ,mI , first in the p c
Mc approximation and then to all p c Mc orders. As we shall see, the consideration of the higher p c Mc orders becomes essential for an accurate description of the decay widths.
IV. THE P/M APPROXIMATION

The p c
Mc approximation is defined from (17) in the limit E α = M α . A thorough analysis of this approximation has been carried out in [3] . Here we only give the final expressions for the calculation of the amplitude:
stands for the cc spectroscopic n 2s+1 L J state and O α for an operator that we detail next. Thus, for 3 S 1 → γ 3 P J transitions we have (here we write only the electric part of the operator; the form for the magnetic part can be found in the appendices of [3] )
where r = r1− r2 2 is the relative position operator and p = p 1 − p 2 2 is the relative three-momentum operator. By using the equality
where H is the Cornell spectroscopic Hamiltonian, and introducing a Parseval identity in terms of a complete set of intermediate eigenstates {|Ψ int } of H, the mass dependence in the matrix element can be explicitly extracted:
This permits the implementation of the experimental mass differences (M I − M int ) instead of the calculated ones so that the quark model wavefunctions can be directly tested.
As for 3 P J → γ 3 S 1 transitions, using p, e −ik· r = −ke −ik· r we get in a similar manner and calculated values of |k| Expt (2 r 2 1 2 )3 P J from Model II for 3 S1 → γ 3 PJ and 3 PJ → γ 3 S1 radiative transitions.
These expressions get further simplified in the so called Long Wavelength (LWL) limit, corresponding to take e i(−1) α ( k· r 2 ) = 1:
Actually this is the limit commonly used in the literature [12] for the calculation of radiative decays despite the fact that it can only be taken for granted when the condition
is satisfied [3] . Indeed, regarding the considered transitions in charmonium, the only LWL processes are 2 3 S 1 → γ 3 1P 1,2 as can be checked from Table IV where the root mean square radii have been obtained from Model II (the same conclusion comes out from Model I).
In Table V we list the calculated 3 S 1 ↔ 3 P J transition widths as compared to data for charmonium. In all cases the experimental masses for the initial, final and (when known) intermediate charmonium states instead of the calculated ones from the spectroscopic Hamiltonian have been used. It turns out that the consideration of intermediate n 3 P J states with n ≤ 2 is enough in the sense that the inclusion of higher Cornell states hardly changes (2% at most) the results. Regarding the intermediate 2 3 P J states we have used the experimental masses for 2 3 P 0 , corresponding to χ c0 (3860) under the assumption that this resonance is a pure Cornell state, and 2 3 P 2 , corresponding to χ c2 (3930) that may be reasonably taken as a pure Cornell state since it lies quite below the first S-wave 2 ++ meson-meson threshold [6] . As for 2 3 P 1 we have used the calculated mass from Model I, see Table III , since it lies in between those of 2 3 P 0 and 2 3 P 2 as should be expected when no threshold effects are taken into account (notice that the X(3872) can not be taken as a pure Cornell state). A look at Mc ones (third column for Model I and fifth column for Model II), the validity of the LWL limit for 2 3 S 1 → γ 3 1P 1,2 .
It makes also clear, through the comparison of the calculated p c
Mc decay widths with data, that the p c Mc approximation does not give an accurate overall description of these decays. More precisely, except for 1 3 P 0 → γ 1 3 S 1 from Model I and 2 3 S 1 → γ1 3 P 2 from Model II, all the calculated p c
Mc widths are out of the experimental intervals, in some cases with big differences respect to data. This is in contrast with the situation in bottomonium [3] where most of the calculated widths were within or pretty close to the measured intervals.
By realizing that this may have to do at least in part with the poor convergence of the expansion of the complete transition operator in powers of p c
Mc (let us recall that the expectation value of |p c | Mc in the low lying charmonium states can be as big as 0.5) we develop in what follows the formalism for the application of the complete operator (17) to the calculation of the decay widths.
V. BEYOND THE P/M APPROXIMATION
As it was mentioned before, the extraction of the mass dependence in the matrix elements involved in the calculation of the radiative decay widths, allowing for the substitution of the calculated masses by the measured ones, is a crucial step to test the spectroscopic quark model wavefunctions. Moreover, it is a condition sine qua non to get an accurate description of radiative decay widths in bottomonium [3] .
When the complete transition operator (17) is considered, the presence of the momentum dependent operator E α (instead of the constant M α in the p c Mc approximation) complicates this mass extraction. To facilitate it, we first rearrange expression (17) to group all the energy dependent operators to the right so that they act on the initial state. This is convenient on the one hand because we can extract the mass dependence in the terms multiplying the energy dependent operators in exactly the same manner as done in the p c Mc approximation (see below), and on the other hand because the action of E α simplifies when acting on a state of zero total three-momentum. In fact, as the initial state is in its rest frame the action of p α = P 2 − (−1) α p becomes equivalent to that of p:
To relocate the energy dependent operators we use that e −ik· rα represents a three-momentum translation, so that
If we expand for convenience the meson states in terms of the quark and antiquark momentum eigenstates, |p 1 , p 2 where we obviate the spin quantum number since it does not play any role in this argument, then (28) gives account of the transition from a quark (antiquark) state with three-momentum p α to a quark (antiquark) state with three-momentum (p α − k) through the emission of a photon with three-momentum k. Then energy conservation tells us that
where E α and k 0 are numbers, not operators, so that we can write
Since this equality holds for the complete set of momentum eigenstates {|p α } we can rewrite it as an identity between operators:
Then, using (31) and the well known commutator
we rearrange (17) as
where P ± ( E α ) and K( E α ) stand for the energy dependent scalar operators
Equivalently, using (32) we can also write
(37) For 3 S 1 ↔ 3 P J transitions, the use of (33) makes easier the calculation when the initial state is an S-wave (L I = 0), whereas (36) is more convenient when the initial state is a P -wave (L I = 1), as it was the case in the p M approximation [3] . From (33) or (36) the transition amplitude M λ JF ,mF ,JI ,mI can be straightforwardly derived following the step by step procedure explained in [3] . Thus, using |I = |P I , J I , m I , n I L I , s I ,
introducing center of mass
and relative
operators, integrating over the center of mass spatial degrees of freedom, taking into account that (ǫ λ k ) * · k = 0 and that in the rest frame of the decaying meson one has P I = 0, P F = −k, the transition amplitude becomes 
the first decomposition is technically convenient when the initial state is an S-wave, the second one when the initial state is a P -wave. More explicitly, in the first decomposition the electric part is given by
(45) and the second magnetic term by
As can be easily checked these expressions reduce to the corresponding ones obtained in the p c Mc approximation by taking E α = M α and k 0 ≪ M α .
The second decomposition reads
In order to extract the mass dependence from the p operator we use (21) and introduce two Parseval identities in terms of eigenstates of the Cornell Hamiltonian
where A is a shorthand notation for all the quantum numbers labeling the eigenstates (J A , m A , n A , L A , s A ), so that the above expressions become
To proceed further we should extract the state mass dependence, if present, from the matrix elements involving the energy dependent operators. Although in principle one could extract it through the expansion of the energy operators in powers of p 2 M 2 c and the introduction of as many additional complete sets of intermediate states as needed, this is not practicable. Instead we can infer the possible mass dependence by realizing that i) k 0 is quite smaller than M c , k0
Mc ≤ 0.3 for Model I and k0
Mc ≤ 0.23 for Model II, as can be verified from Table IV . Then, up to ( k0 Mc ) 0 order the energy dependent operators reduce to (let us recall that as E α is acting on the initial state it can be substituted by
ii) as the energy dependent operators are scalars, the only contributions to the matrix elements, for example Ψ B |P + ( E α )|Ψ I , come from |Ψ B being equal to |Ψ I or to a radial excitation of |Ψ I . The dominant contribution is
iii) according to our assumption that the difference between the calculated mass and the experimental one is due to potential corrections evaluated at first order in perturbation theory it is obvious that (M I ) calculated − Ψ I |V (r)|Ψ I = (M I ) Expt − Ψ I |V corrected (r)|Ψ I for any of our quark models. Hence, we can appropriately calculate Ψ I |H − V (r)|Ψ I with Model I or II without the need of extracting the mass dependence to implement the measured values. Therefore, as the consideration of higher k0
Mc orders do not introduce any additional dependence on the mass of the states, we can calculate the matrix elements of the energy dependent operators from Model I or II. One should keep in mind though that the presence of the energy dependent operators, depending on p 2
2Mc , introduces an additional quark mass dependence in the amplitude with respect to the p c Mc approximation. This makes the calculated widths to be more model dependent so that their comparison to data is not only testing the quark model wavefunctions but also the quark mass parameter. This means that this parameter looses part of its effectiveness becoming a more phenomenological one. In fact, we show next that the analysis of radiative transitions may severely constraint its range of values in correlation with the phenomenological string tension.
For the sake of completeness we write also the former matrix elements in the LWL limit:
In order to evaluate the 3 S 1 → γ 3 P J amplitude we use r · (ǫ λ k ) * = 4π 3 r(Y λ 1 (r)) * , the well known expansion
where k is in the Z direction, and the fact that the energy dependent operators are scalars, so that for example (−1) l+LF +LI (4l + 1)(2L A + 1)C 0, mF , mF 2l, JA, JF C λ, mF , mI 1, JA, JI
where M B is the mass of the state |J I , m I , n B L I , s I , M A is the mass of |J A , m F , n A L A , s F , C is the Clebsch-Gordan coefficient
with ( ) standing for the 3j symbol, and j 1 j 2 j 12 j 3 j j 23 ≡ (−1) j1+j2+j3+j (2j 12 + 1)(2j 23 + 1) j 1 j 2 j 12 j 3 j j 23
with { } standing for the 6j symbol.
As for the first magnetic term, we get from (42) and (52)
Finally, for the second magnetic term we obtain from (42) 
For simplicity the matrix elements of the energy dependent operators have been evaluated in momentum space.
B. Transitions 3 PJ → γ 3 S1
We proceed in the same manner for 3 P J → γ 3 S 1 transitions. Thus, from (42) Finally, for the second magnetic term we obtain from (42) 
C 0, mI , mI l, JI , JA C λ, mF , mI 1, JF , JA
VI. RESULTS AND CONCLUSIONS
From the electric and magnetic amplitudes detailed in the preceding section, the total amplitude We have checked numerically that for the calculated 3 S 1 → γ 3 P J and 3 P J → γ 3 S 1 widths it is enough to take n B ≤ 2 and n A ≤ 2 to assure convergence at the level of 1%. As we did in the case of the p c Mc approximation we have used the experimental masses for 2 3 P 0 (corresponding to χ c0 (3860)) and 2 3 P 2 (corresponding to χ c2 (3930)) and the Cornell calculated mass from Model I for 2 3 P 1 . The results obtained are shown in Table VI. A first general feature of these results is that the values of the widths from Model I are systematically bigger than from Model II. As this was also the case in the p c Mc approximation, see Table V , it can be mostly attributed to the different wavefunctions from both models (let us recall that in the p c Mc approximation the quark mass dependence of the calculated width is reduced with respect to the complete calculation).
A second general feature of the results in Table VI is that the calculated widths from Model II are much closer to data than the ones from Model I (the only exception being 2 3 S 1 → γ 1 3 P 2 , where they are almost equal). More precisely, half (three) of the calculated widths from Model II are within the experimental intervals; another one, the 1 3 P 0 → γ 1 3 S 1 calculated width is very close to the experimental value differing from it a 6%, whereas the remaining two calculated widths, 2 3 S 1 → γ 1 3 P 0,2 , differ from data about a 40%. In contrast, all the calculated widths from Model I are out of the experimental intervals, in half of the cases with big differences (bigger than 40%) with respect to data.
Centering on Model II, the calculated widths show better agreement with data for 2 3 S 1 → γ 1 3 P 1 than for 2 3 S 1 → γ 1 3 P 0,2 , and the same tendency, although attenuated, is observed for 1 3 P 1 → γ 1 3 S 1 as compared to 1 3 P 0,2 → γ 1 3 S 1 . This points out to a good wavefunction for 1 3 P 1 and to some deficiency in the 1 3 P 0,2 wavefunctions, what can be correlated to the mass description of the charmonium states, see Table III : quite good for 1 3 S 1 , 2 3 S 1 and 1 3 P 1 and deficient for 1 3 P 0,2 . Then, it is quite possible that nonperturbative or second order perturbative corrections to the 1 3 P 0,2 wavefunctions play some role. If we assume that this is the case, so that that the wavefunction corrections are responsible for the observed discrepancies with data, then we may tentatively conclude that an accurate description of radiative decays in charmonium is feasible.
We may also conclude that the analysis of radiative decay processes serves as a stringent test of the spectroscopic quark model. In this regard, let us recall that the difference between Model I and II comes essentially from the different values of the parameters, σ and M c . Actually, σ and M c are correlated in the sense that an increase in σ has to be compensated with an increase in M c to maintain the spectral mass fit, see Table III . The fact that Model II works much better for the description of the studied radiative decays indicates that the value of the effective parameter σ has to be quite close to its phenomenological value from the analysis of Regge trajectories in light mesons and, as a consequence, that the quark mass effective parameter, at least for the description of the low lying charmonium states, is constrained to be around 1.84 GeV.
Certainly, the prediction of the decay widths for radiative transitions not yet measured could provide, if confirmed by future experiments, strong support to our conclusions. In practice, this comparison program presents some difficulties. On the one hand we may expect that the 3 3 S 1 → γ 1 3 P 0,2 widths suffer at least from the same uncertainty as the 2 3 S 1 → γ 1 3 P 0,2 . On the other hand the experimental resonance ψ(4040) contains presumably a significant mixing of 3 3 S 1 and 2 3 D 1 states and the calculation of 2 3 D 1 → γ 1 3 P 0,1,2 beyond the p c Mc approximation is quite uncertain due to the current dearth of 3 D J state mass data to be implemented. The same arguments apply to 3 3 S 1 → γ 2 3 P 0,2 . On the other hand the observed decays X(3872) → γ (1, 2) 3 S 1 can not be described from Model II since the X(3872) description requires the incorporation of meson-meson threshold effects. Furthermore, the same kind of effects may be present in χ c0 (3860) that we have assumed to be the pure 2 3 P 0 Cornell state in spite of being above its first I(J P C ) = 0(0 ++ ) mesonmeson threshold, and in many other high lying charmonium sates.
This reduces the efficiency of our comparison program to the prediction of the 2 3 P 2 → (1, 2) 3 S 1 , the 2 3 P 0 → (1, 2) 3 S 1 and the 3 3 S 1 → 1 3 P 1 decay widths from Model II.
The results are shown in Table VII . As said above, the experimental confirmation of these results, at least for χ c2 (3930) → γ (J/ψ, ψ(2S)), would be a good test of our decay model. We encourage an experimental effort along this line.
VII. SUMMARY
In this article we have analyzed 3 S 1 ↔ 3 P J electromagnetic transitions in charmonium. From two constituent quark models reasonably fitting the masses of the low lying charmonium states and from an elementary emission model for the description of the radiative processes we have shown that i) neither the standard p c Mc approximation to the electromagnetic transition operator nor its commonly used long wave length limit should be taken for granted for they can not give accurate account of data. Although this inaccuracy has been only quantitatively proved for two Cornell potential models it may be reasonably assumed to be valid in general since the Cornell potential form contains the more relevant terms for an appropriate description of the low lying charmonium states. As a consequence, the p c Mc approximation or its long wave length limit should also not be used to discriminate between different spectroscopic quark models.
ii) the use of the complete electromagnetic operator may allow for an accurate description of 3 S 1 ↔ 3 P J radiative transitions between low lying charmonium states from a Cornell potential model, when the string tension parameter is close to the phenomenological value derived from the analysis of Regge trajectories in light mesons. This restricts drastically the possible values of the charm mass parameter to keep an appropriate charmonium mass description. Therefore, electromagnetic decay processes in charmonium can be used as a powerful tool to constrain the value of the charm mass parameter and to discriminate among different quark models.
iii) the complete electromagnetic operator formalism developed for the calculation of the radiative widths can be straightforwardly applied to bottomonium bb, and trivially extended to treat radiative decays of bottom, charmed mesons bc and cb.
